It is shown that a construction of Z. Zhang and Y. Xiao on open subsets of Ptolemaic spaces yields, when the subset has boundary containing at least two points, metrics that are Gromov hyperbolic with parameter log 2 and strongly hyperbolic with parameter 1 with no further conditions on the open set. A class of examples is constructed on Hadamard manifolds showing these estimates of the parameters are sharp.
Introduction
In this paper a construction in [10] is applied to produce a metric on an open subset of a Ptolemaic space. When the open set has boundary containing at least two points, the metric is strongly hyperbolic with parameter 1 and therefore (by Theorem 4.2 in [8] ) it is Gromov hyperbolic with parameter log 2. This is shown with no other conditions on the boundary (Theorem 1.1). A class of examples is constructed for an open subset of a Hadamard manifold. (By Theorem 1.1 in [2] a complete Riemannian manifold is Ptolemaic if and only if it is Hadamard.) In the examples the open set has a boundary with at least two isolated points, one of which is the nearest neighbor in the boundary to the other (Theorem 2.1). This class of examples are all Gromov hyperbolic with parameter log 2 and no lower, so by applying the same theorem [8] and Theorem 1.1 they are strongly hyperbolic with parameter 1 and no higher.
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It is Ptolemaic iff
for any x, y, z, t ∈ X. It is hyperbolic in the sense of Gromov ([5] ; see also [9] ) with parameter
for any x, y, z, t ∈ X.
It is strongly hyperbolic
Note that if a space is Gromov hyperbolic with parameter δ then the property also holds for any parameter δ > δ.
In [10] the following construction was made. For a Ptolemaic space (X, d) and U ⊂ X open with non-empty boundary let,
This should be compared to [1] where metrics hyperbolic in the sense of Gromov were constructed on the complement of a finite subset of a general metric space with parameter of hyperbolicity independent of the size of the set. Related metrics are to be found in [4] , [6] , and [7] on domains in R n . The construction can also be seen as a variation of the inversion on metric spaces (and the metric defined using it) in [3] . It was shown in [10] that (1) defines a metric on any open U ⊂ X for any Ptolemaic space (X, d). Furthermore, the following theorem was proved. Let (X, d) be a Ptolemaic space and U ⊂ X open with non-empty boundary. If the distance between any two distinct points in ∂U is at least R > 0, then (U, ρ U ) is Gromov hyperbolic with parameter 1 2 log max 2 + 20 R , 392 .
When (X, d) is Ptolemaic and U is the complement of a point, it was shown in [10] (Theorem 5) that the resulting metric is strongly hyperbolic with parameter 2 and Gromov hyperbolic with parameter 1 2 log 2. They also show (Theorem 4) that for (X, d) Ptolemaic, and p ∈ X fixed, if
then (X, log(1 + s p )) is strongly hyperbolic with parameter 2 and Gromov hyperbolic with parameter 1 2 log 2. In this paper Theorem 0.2 is generalized and sharpened. It is shown that the metric (1) is Gromov hyperbolic with parameter log 2 for any open U whose boundary contains at least two points. The possibility is raised in [10] that the construction may yield a strongly hyperbolic metric. It is proved (Theorem 1.1) that this is indeed the case with parameter 1. Examples are given (Theorem 2.1) showing that the parameter bounds are sharp.
The paper is organized as follows. In the first section it is proved that for any open subset U of a Ptolemaic space the construction produces a metric that is strongly hyperbolic with parameter 1, and Gromov hyperbolic with parameter log 2. The second section is devoted to examples on Hadamard manifolds exhibiting the sharp lower bound for the parameter of Gromov hyperbolicity.
Hyperbolic metrics
In this section it is shown that the construction yields a strongly hyperbolic metric with parameter 1.
is a Ptolemaic space and U ⊂ X is open with nonempty boundary, then (U, ρ U ) is Gromov hyperbolic with parameter log 2, and strongly hyperbolic with parameter 1. This result is sharp in the sense that it does not hold in general for stronger assumptions on the parameters when ∂U contains at least two distinct points.
Before proving this theorem a rearrangement inequality is proved as a lemma.
Equality is realized iff one or more of the following non-exclusive conditions hold:
(i) αδ = 0 and max{α, δ} ≥ |β − γ|, (ii) βγ = 0 and max{β, γ} ≥ |α − δ|, (iii) α = δ and β = γ.
(Proof )
Consider the case
Since the inequality as well as conditions (i), (ii) and (iii) are invariant under the permutations (α δ), (α β)(γ δ), and (α γ δ β), the other cases follow from this one. From (2),
and the inequality becomes
If δ = 0 then (3) ⇒ 0 ≤ α ≤ −|β − γ|, so β = γ and both sides of the inequality are equal to β 2 . If β = 0 then the (4) becomes α(α + γ) ≤ αδ, which is true by (2) . The inequality holds similarly if γ = 0. Now assume βγδ > 0. Multiplying or dividing each side of (4) by δ 2 does not change its validity, so without loss of generality replace (α, β, γ, δ) with (α/δ, β/δ, γ/δ, 1), or simply assume δ ≥ 1. We claim that
is non-positive for 0 ≤ x < δ − |β − γ|, from which (4) follows. Since ϕ(0) < 0, and ϕ has only one critical point in [0, ∞), it's enough to show that ϕ( δ − |β − γ|) ≤ 0, that is
which is true when δ ≥ 1.
If equality holds in (4) then,
If α = 0 then max{α, δ} = δ ≥ |β −γ|, which is covered by (i). Otherwise, for reasons stated above, the only possibility of a root of the cubic polynomial could be when α = δ − |β − γ|, in which case
This equation is invariant under the permutation of β with γ, so without loss of generality assume that β ≤ γ. This gives
so either β = 0, in which case α = δ − γ = δ − max{β, γ}, which is covered by (ii), or β > 0 and,
which is (iii). It is simple to verify that each of the conditions (i), (ii), and (iii) yield equality. Now to prove Theorem 1.1. Let x, y, z, t ∈ U and p, q ∈ ∂U. Since (X, d) is Ptolemaic,
For a, b ∈ U denote the supremal metric space inversion over ∂U by,
All the terms are positive so
Since p, q ∈ ∂U were arbitrary,
· min {2 + λ(x, z) + λ(x, t) , 2 + λ(y, z) + λ(y, t)} ≤ (1 + λ(x, z)) (1 + λ(y, t)) + (1 + λ(y, z)) (1 + λ(x, t)) + 2 (1 + λ(x, z)) (1 + λ(y, z)) (1 + λ(x, t)) (1 + λ(y, t)) (
by Lemma 1.2. From this it is easy to that, (1 + λ(x, y))(1 + λ(z, t)) < 4 max {(1 + λ(x, z))(1 + λ(y, t)), (1 + λ(y, z))(1 + λ(x, t))} .
Gromov hyperbolicity of (U, ρ U ) with parameter log 2 follows directly. To show strong hyperbolicity, from (7) (1 + λ(x, y)(1 + λ(z, t)) < (1 + λ(x, z))(1 + λ(y, t))
Therefore ρ U is strongly hyperbolic with parameter 1. To see that the parameter is sharp, from Theorem 2.1 it follows that in general the parameter of Gromov hyperbolicity can not be smaller than log 2. This and Theorem 4.2 in [8] give that the parameter of strong hyperbolicity can not be larger than 1.
Examples on Hadamard manifolds
For a complete Riemannian manifold the Ptolemaic property is equivalent to the manifold being Hadamard (Theorem 1.1 in [2] ). This is the setting for a class of examples which are Gromov hyperbolic with parameter log 2 and no lower. Since γ is minimal on [−r, r], γ(r cos θ) is not a conjugate point of p = γ(−r), and q = γ(r) is not a conjugate point of γ(−r cos θ). Therefore we can take Jacobi fields Y ± along γ| [−r,r cos θ] and γ| [−r cos θ,r] , respectively, with
, and Y + (r) = 0, Applying the first variation formula for length to these variations gives (8) for all 0 < θ < θ 0 and some σ > 0 independent of θ.
By construction α ′ (0), γ ′ (−r cos θ) g = β ′ (0), γ ′ (r cos θ) g = 0, and γ(−r cos θ) is not conjugate to γ(r cos θ). Therefore we can take Jacobi fields Z ± along γ| [−r cos θ,r cos θ] with Z − (−r cos θ) = α ′ θ (0), Z − (r cos θ) = −β ′ θ (0), Z + (−r cos θ) = α ′ θ (0), and Z + (r cos θ) = β ′ θ (0), The first and second variation formulas applied to Z ± give (9). A similar construction along α θ | [−r sin θ,0] , α θ | [0,r sin θ] , β θ | [−r sin θ,0] , and β θ | [0,r sin θ] gives (10) . Here τ > 0 is independent of θ ∈ (0, θ 1 ) for some θ 1 > 0.
Also, by construction,
We claim that for θ > 0 sufficiently small, the suprema over ∂U in the definition (6) of λ(x ± , y ± ), λ(x ± , y ∓ ), λ(x − , x + ), and λ(y − , y + ) are realized at p or at q. This together with (9), (10), (8) , and (11) imply that lim θ→0 + 4 max{(1+λ(x − ,y − )(1+λ(x + ,y + )), (1+λ(x − ,y + )(1+λ(x + ,y − ))} (1+λ(x − ,x + ))(1+λ(y − ,y + )) = 1 from which it follows that (U, ρ U ) can have a parameter of Gromov hyperbolicty no smaller than log 2.
To prove the claim, let η = max{d g (x ± , p), d g (y ± , q)} < min{r/2, R/3}.
Then for w ∈ ∂U \ {p, q},
Therefore, 
